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MEASURE EQUIPARTITIONS VIA FINITE FOURIER ANALYSIS
STEVEN SIMON
Abstract. Applications of harmonic analysis on finite groups are introduced to measure
partition problems, with equipartitions obtained as the vanishing of prescribed Fourier
transforms. For elementary abelian groups Zkp , p an odd prime, equipartitions are by
k-tuples of complex regular p-fans in Cd, analogues of the famous Gru¨nbaum problem on
equipartitions in Rd by k-tuples of hyperplanes (i.e., regular 2-fans). Here the number
of regions is a prime power, as usual in topological applications to combinatorial ge-
ometry. For general abelian groups, however, the Fourier perspective yields new classes
of equipartitions by families of complex regular fans Fq1 , . . . , Fqk (such as those of a
“Makeev-type”), including when the number of regions is not a prime power.
1. Introduction
A common problem in combinatorial and computational geometry concerns equiparti-
tions of measures on Euclidian space. Given any collection of absolutely continuous mea-
sures µ1, . . . , µm on R
d (simply to be called measures from now on), one seeks a partition
{R1, . . . ,Rn} of Rd by a fixed class of “nice” geometric regions, each of which contains
an equal fraction of each total measure. The most famous such problem, dating back to
Gru¨nbaum [10], asks for the smallest dimension d = ∆(m, k) for which any m measures on
Rd can be equipartitioned into 2k orthants determined by k hyperplanes (see, e.g., [3, 5, 11,
17, 21, 31]). In particular, the widely applied Ham Sandwich Theorem – any d measures on
Rd can be simultaneously bisected by a single hyperplane – is ∆(d, 1) = d.
Equipartitions are ordinarily obtained topologically. Owing to some, often implicit group
symmetry on each partition, the problem can be reduced to an equivariant framework to
which the vast machinery of classical algebraic topology – equivariant cohomology and index
theory, characteristic and other obstruction classes, spectral sequences, cobordism theory,
and so on – can be applied. See, e.g., [18, 32–34], for a general survey of these methods.
1.1. A Harmonic Analysis Approach. The central objective of this paper is to propose
more systematic application of Fourier analysis on finite groups to these measure equipar-
tition problems and their topological reductions (see [23] for its use in the Topological
Tverberg Problem, another central problem in combinatorial geometry, and [25] for an ap-
plication of compact groups to transversality-type theorems). For given G, we consider a
class of naturally indexed partitions {Rg}g∈G by convex domains. If each µi is complex-
valued (i.e., a pair of real measures) any decomposition determines maps Fµi : G → C,
g 7→ µi(Rg), with Fourier expansions (see, e.g., [26])
(1.1) µi(Rg) =
∑
σ∈Gˆ
nσ Trace(ci,σσg),
1
where Gˆ consists of all non-isomorphic irreducible unitary representations of G, nσ is the
dimension of the representation, and the ci,σ are the matrix-valued Fourier transforms
(1.2) ci,σ =
1
|G|
∑
g∈G
µi(Rg)σ
−1
g ∈M(C, nσ)
Our measure partitions are obtained as the vanishing of prescribed transforms of the
above expansions. As discussed in Section 2, these partitions are examples of a purely
group-theoretic family of generalizations of the Ham Sandwich Theorem, first introduced in
[24], whereby measures are “balanced” by a group’s linear representations. Many partition
problems previously considered can be put in this “G-Ham Sandwich” context, notably the
Gru¨nbaum problem above.
Owing to this representation theory setting, it is not surprising that our results are
obtained via the usual computational methods of topological combinatorics – here, the
calculation of the total Chern class in group cohomology of the considered representation
(Section 7) – nor is it surprising that the equivariant topological techniques themselves (e.g.,
ideal-valued index theory as used in [3, 17, 32, 34]) can be recast in the language of Fourier
analysis. Nonetheless, the emphasis on Fourier transforms introduces a novel perspective
which opens new possibilities for applications, as we now discuss.
1.2. Summary of Results. We shall be primarily concerned (Section 3–5) with finite
abelian groups G = Zq1×. . .×Zqk and partitions of C
d by complex regular fans Fq1 , . . . , Fqk .
For the elementary abelian groups G = Zkp , p an odd prime, one has equipartitions by k-
tuples of complex regular p-fans with complex affine independent centers (Theorem 4.1,
Corollaries 4.1–4.2), analogues of the Gru¨nbaum problem above (i.e., equipartitions by reg-
ular 2-fans). In these cases, the number of regions is a prime power, as is typical for
equivariant topological applications to measure partition theory (see, e.g., [2, 3, 4, 14, 16,
17, 28, 31], et cetera).
The main advantage of the Fourier method is the great latitude in choice of transforms to
be annihilated, so that, for general G, judicious selections yield a wider variety of equiparti-
tions than those previously considered. This is exemplified by the “Makeev-type” results of
Section 5, which include when the number of regions is no longer a prime power: if qj = prj
for an odd prime p, one has a complex regular fan partition Fq1 , . . . , Fqk such that each
of the r = r1 · · · rk sub k-tuples of regular p-fans equipartitions each measure (Theorem
5.1, Corollaries 5.1–5.2). Moreover, Proposition 5.1 gives a case where the equipartitions
occur by pairs of fans with distinct q1 and q2. Finally, a non-abelian example is provided in
Section 6 for the quaternion group Q8.
2. G-Ham Sandwich Theorems
As above, let G be a finite group, which we suppose gives rise to class of partitions
Rd = ∪gRg by convex domains which are invariant under a free G-action. These partitions
can be called “regular,” since they often arise as conical partitions associated to regular
convex polytopes. Given any representation ρ : G→ O(n) and any n-tuple µ = (µ1, . . . , µn)
of measures on Rd, one can then consider the “(ρ,G)-average”
(2.1)
1
|G|
∑
g∈G
ρ−1g (µ(Rg)) =
1
|G|
∑
g∈G
g−1 · µ(Re · g) ∈ R
n
2
of the measures of the regions of any such G-decomposition. In a general sense, the sum
evaluates the symmetry of the measures of the {Rg}g∈G with respect to the given represen-
tation, so we say that
Definition 1. A n-tuple of measures µ = (µ1, . . . , µn) is “(ρ,G)-balanced” by the partition
{Rg}g∈G if the average (2.1) is zero.
By a “(ρ,G)-Ham Sandwich Theorem,” we mean a result which guarantees that any
n-tuple of measures on Rd can be simultaneously balanced by the representation ρ. The
annihilation of Fourier coefficients in (1.1) is a unitary case of this construction. In partic-
ular, unitary abelian Ham Sandwich Theorems are equivalent to the vanishing of prescribed
Fourier transforms, since any unitary representation of an abelian group G is the direct
sum of 1-dimensional ones (see, e.g., [22]) and the balancing of µi by σ : G → U(1) means
ci,σ = 0. For non-abelian groups, the vanishing of c1,σ1 , . . . , ck,σk is the (ρ,G)-balancing of
the n :=
∑
i n
2
σi -tuple µ = (µ1e1, . . . , µ1enσ1 , . . . , µkenσk ) by ρ = ⊕
k
i=1nσiσi, where ei ∈ C
n
is the i-th standard basis vector (and the trivial measure is denoted by 0).
Before giving new equipartitions, we first show how the Gru¨nbaum Problem is a Zk2 =
{±1}k-case of this G-Ham Sandwich/Fourier partition scheme.
2.1. The Gru¨nbaum Problem. As in [3, 5], we consider the standard Zk2 -action on (S
d)k.
Each xj = (aj , bj) ∈ Sd, ‖aj‖2 + |bj |2 = 1, gives a unique hyperplane Hj = {u ∈ Rd |
〈u, aj〉 = bj} if aj 6= 0 and a hyperplane “at infinity” otherwise. The Zk2 -orbits {δ ·x}δ∈Zk
2
of
all x = (x1, . . . , xk) ∈ (Sd)k therefore produce all the partitions of Rd by the (not necessarily
distinct, some possibly empty) regionsOδ = {u ∈ Rd | (∀ 1 ≤ j ≤ k) (∃ vj ≥ 0) 〈u, aj〉−bj =
δjvj} determined by k or fewer (genuine) hyperplanes in Rd, δ = (δ1, . . . , δk) ∈ Zk2 .
On the other hand, Zˆk2 = Z
k
2 and each χǫ : Z
k
2 → U(1) is real, so each µi(Oδ) =∑
ǫ∈Zk
2
ci,ǫχǫ is real-valued if the measures are. As each transform ci,0 of the trivial repre-
sentation is 2−k
∑
δ µi(Oδ) = 2
−kµi(R
d), annihilating all other ci,ǫ – i.e., (ρ, Z
k
2 )-balancing
the m(2k − 1)-tuple µ = (µ1, . . . , µ1, . . . , µm, . . . , µm) by ρ = m⊕ǫ 6=0 χǫ – is the equiparti-
tion of each µi by what must therefore be 2
k distinct orthants of k hyperplanes in general
position. It should be observed that the use of ρ is equivalent to that of the regular rep-
resentation Rm[Zk2 ] in the usual topological reduction of this problem (see, e.g., [3, 5, 17]),
but ignores the full Weyl-group Zk2 ⋊Sk action on (S
d)k also considered there, Sk being the
symmetric group. Thus the newer k = 2 results ∆(2n+2 + 2, 2) = 3 · 2n+1 + 2 of [31], which
arise from an effective use of the dihedral group D8 (also used in [5]), are not recovered by
our construction.
3. Fourier Partitions by Complex Regular Fans
Suppose now that G = Zq1 × . . . × Zqk is an arbitrary finite abelian group, where each
cyclic group Zq is identified with the q-th roots of unity {ζkq }
q−1
k=0, ζq = exp(2πi/q). A natural
class of partitions here are by k or fewer complex regular fans Fq1 , . . . , Fqk in C
d, where each
Fq is the union of q half-hyperplanes whose successive dihedral angles are all equal to 2π/q
and have as their boundaries a common complex hyperplane.
Explicitly, let Rr(q) = {v ∈ C | arg(v) ∈ [(r−1)/q, (r+1)/q]} denote the regular q-sectors
of C centered at the origin, 0 ≤ r < q, and let 〈u,v〉C =
∑d
i=1 uiv¯i be the standard Hermitian
form on Cd. If aj 6= 0, the Zqj -orbit {ζ
r
qjxj}
r−1
j=0 of xj = (aj , bj) ∈ S(C
d+1), ‖aj‖2+|bj|2 = 1,
partitions Cd into the sectors Srj (qj) = {u ∈ C
d | (∃vj ∈ Rrj (qj)) 〈u, aj〉C − b¯j = vj} of the
3
complex regular qj-fan
(3.1) Fqj = {u ∈ C
d | (∃ 0 ≤ r < qj) 〈u, aj〉C − b¯j = ζ
r
qj}
centered about the complex hyperplane HCj = {u ∈ C
d | 〈u, aj〉C = b¯j}, and we say as
before that Fqj is a centered “at infinity” if aj = 0. Thus the G-orbits of [S(C
d+1)]k under
the standard action yield all partitions {Rg := ∩kj=1Srj (qj)}g∈G of C
d by all Fq1 , . . . , Fqk .
We make the following definition:
Definition 2. A collection Fq1 , . . . , Fqk in C
d is called a non-trivial complex fan partition
if at least one of the fans is not centered at infinity.
On the other hand, one has the identification Gˆ = ⊕kj=1Zqj , given explicitly by χǫ(g) =
Πkj=1ζ
ǫj
qj , ǫ = (ǫ1, . . . , ǫk) ∈ ⊕
k
j=1Zqj , so the Fourier expansion (1.1) takes the simple form
(3.2) µi(Rg) =
∑
ǫ∈⊕k
j=1
Zqj
ci,ǫχǫ(g)
One then has the following G-Ham Sandwich theorem:
Theorem 3.1. Let ρ = ⊕nr=1χǫr : G→ U(n), ǫr = (ǫr,1, . . . , ǫr,k) ∈ ⊕
k
j=1Zqj . If
(3.3) f(b1, . . . , bk) = Π
n
r=1(ǫr,1b1 + . . .+ ǫr,kbk) ∈ Z[b1, . . . , bk]/(q1b1, . . . , qkbk)
is not contained in the ideal I = (bd+11 , . . . , b
d+1
k ), then for any complex measures µ1, . . . , µn
on Cd, there exists a non-trivial complex fan partition Fq1 , . . . , Fqk with ci,ǫi = 0 in (3.2)
for each 1 ≤ i ≤ n.
We defer the proof of Theorem 3.1 to Section 7, preferring instead to first give appli-
cations to real measures. For now, we note that the theorem reduces to Proposition 7.1
on equivariant maps, itself proved by a calculation of the top Chern class of the given
representation.
4. Complex Gru¨nbaum Problems
As a real hyperplane is a regular 2-fan, one has a natural complex generalization of the
classical Gru¨nbaum problem:
Question 1. What is the minimum d = ∆C(m; q1, . . . , qk), denoted ∆C(q;m, k) if qj = q
for all j, for which any m measures on Cd can be equipartitioned by Q = Πkj=1qj regions
determined by k complex regular qj-fans?
In the original Gru¨nbaum problem, the lower bound ∆(m, k) ≥ m(2k − 1)/k (shown in
[21], conjectured there to be optimal, and established as such in [17, 21, 31] in a number of
cases) follows by considering m disjoint segments on the moment curveM = {(t, t2, . . . , td) |
t ∈ R}: k equipartitioning hyperplanes give m(2k − 1) points of intersection with M , hence
m(2k − 1) roots to k polynomials of degree d, so kd ≥ m(2k − 1). A similar approach using
points on the complex moment curve MC = {(z, z
2, . . . , zd) | z ∈ C} gives a lower bound
here, at least when k = 1:
Proposition 4.1. For q > 2,
(4.1) ∆C(q; 1,m) ≥ m⌊(q − 1)/2⌋
4
Proof. Ifm measures on Cd are equipartitioned by a complex regular q-fan, then the interior
of the union of any two adjacent sectors contains at most 2/q of each total measure. Consider
point collections C1, . . . , Cm, each consisting of q
′ = ⌊(q − 1)/2⌋ points of MC, and let µεi
be the volume of the union of the ε-balls with centers the points of Ci. A standard limiting
argument as in [27, 30] shows that if d = ∆C(q; 1,m), then there must exist a complex
regular q-fan for which the interior of the union of any two adjacent sectors again contains
at most 2/q points of each Ci, hence none. Thus each point lies on the fan, and in fact in
its center since the interior of a half-hyperplane is contained in the interior of the union of
two adjacent sectors. Hence d ≥ q′m, since a point of intersection of MC and a complex
hyperplane represents a root of a degree d polynomial. 
We conjecture a similar lower bound for ∆C(m; q1, . . . , qk) for all k ≥ 1:
Conjecture 1. Let Q = Πkj=1qj, qj > 2. Then
k∆C(m; q1, . . . , qk) ≥ m⌊(Q− 1)/2⌋
4.1. Upper Bounds via Theorem 3.1. By assuming the measures are real-valued, it
follows that their transforms satisfy ci,−ǫ = ci,ǫ. Moreover, ci,0 = µi(C
d)/Q as before, so
letting
⌈Π⌉ := {ǫ ∈ ⊕kj=1Zqj − {0} with last non-zero coordinate ǫj ≤ ⌈(qj − 1)/2⌉},
it is easily seen that the equipartition of each µ1, . . . , µm is the vanishing of each ci,ǫ with
ǫ ∈ ⌈Π⌉. Note that the Fq1 , . . . , Fqk must all be genuine and that their centers must be
complex affine independent in this circumstance. The associated polynomial (3.3) is
(4.2) f(b1, . . . , bk) = Πǫ∈⌈Π⌉(ǫ1b1 + . . .+ ǫkbk)
m
As a simple application, one has
Proposition 4.2.
(4.3) ∆C(9; 1, 1) = 4
Proof. f(b1) = 4! · b41 6∈ (b
5
1) ⊂ Z9[b1], so ∆C(9; 1, 1) ≤ 4. Thus ∆C(9; 1, 1) = 4 by (4.1). 
Remark 1. It is perhaps interesting to observe that, since 6 ≡ 0 (mod 3), Proposition 4.2
is obtained as a cohomology class representing a zero divisor of Zq which is zero in Zp for
any prime p dividing q. Along with Propositions 5.1 and 6.1 below and the recent values
∆(2n+2 + 1, 2) = 3 · 2n+1 + 2 of [31] (representing 2 ∈ Z4, but not obtained either via ideal-
valued cohomological index theory or characteristic classes), these are the first equipartitions
to be obtained in such fashion.
For the elementary abelian groups Zkp , p an odd prime, the polynomial (4.2) has coeffi-
cients in the field Zp. Resulting upper bounds on ∆C(p;m, k) then strongly parallel Theorem
4.1 of [17], obtained from Zk2 -cohomological index theory with Z2-coefficients, which is still
the best known general result on ∆(m, k). As there, one has a naturally related Dickson
polynomial
(4.4) D(p, k) = Det


b1 . . . bk
bp1 . . . b
p
k
...
...
bp
k−1
1 . . . b
pk−1
k

 =
∑
σ∈Sk
sgn(σ)bσ(1)b
p
σ(2) · · · b
pk−1
σ(k)
Theorem 4.3. ∆C(p;m, k) ≤ d if D(p, k)m(p−1)/2 6∈ (b
d+1
1 , . . . , b
d+1
k ) if p is an odd prime.
5
Proof. D(p, k) is the product of all non-zero ǫ1b1+. . .+ǫkbk whose last non-zero coordinate is
1 (see the proof of Proposition 1.1 of [29]), so f(b1, . . . , bk) = [(
p−1
2 )!]
mD(p, k)m(p−1)/2. 
In particular, ∆C(p;m, 1) ≤ m(p− 1)/2 (see also [24]), so by (4.1)
Corollary 4.4.
(4.5) ∆C(p;m, 1) = m(p− 1)/2
for all odd primes p.
For k > 1, our best results occur when k = 2 (as is true for ∆(m, k)). Note that one has
the exact value ∆C(p;m, 2) = m(p
2 − 1)/4 in the following, provided the conjectured lower
bound holds.
Corollary 4.5. Let
∑n
i=1 aip
i be the base p expansion of m(p − 1)/2, p an odd prime. If
each ai is even, then
(4.6) ∆C(p;m, 2) ≤ m(p
2 − 1)/4
Proof. Let m′ = m(p − 1)/2. The sum of the exponents of any monomial in D(p, 2)m
′
=
(b1b
p
2 − b2b
p
1)
m′ is m(p2 − 1)/2, so we seek one of degree m(p2 − 1)/4. The unique such
monomial is b
m(p2−1)/4
1 b
m(p2−1)/4
2 , and by Lucas’s theorem (see, e.g., [9]) this coefficient is(
m′
m′/2
)
= Πni=1
(
ai
ai/2
)
6= 0. 
For example, any two measures on C4 can be equipartitioned by a pair of complex reg-
ular 3-fans (actually, 3 ≤ ∆C(3; 2, 2) ≤ 4, where the lower bound comes from dimension
considerations), and any measure on C6 can be equipartitioned by a pair of complex regular
5-fans. Note that ∆C(p; 2(p
n+1 − 1)/(p − 1), 2) ≤ p+12 · (p
n+1 − 1) follows by setting each
ai = p− 1. In particular, ∆C(3; 3n+1 − 1, 2) ≤ 2 · (3n+1 − 1), which can again be compared
to the optimal value ∆(2n+1 − 1, 2) ≤ 32 · (2
n+1 − 1) of [17].
5. Modulo Equipartitions of a Makeev Type
When G 6= Zkp , p prime, the polynomial arising from ρ = m ⊕ǫ 6=0 χǫ vanishes whenever
m ≥ 1 unless m = 1 and G = Z4, while form odd the polynomial (4.2) from ρ = m⊕ǫ∈⌈Π⌉χǫ
vanishes wheneverm ≥ 1 unlessm = 1 andG = Z4 or Z9, so there is no hope of equipartition
via Theorem 3.1 in these cases.
Nonetheless, a variety of other equipartitions follow by annihilating different prescribed
transforms. We highlight one such class of results. Supposing that qj = pjrj , annihilating
each ci,ǫ in (3.2) except when ǫ ∈ ⊕kj=1pjZqj yields an equipartition of each µi “modulo”
the subgroup H = Zp1 × . . .× Zpk :
(5.1) µi(Rhg) = µi(Rg)
for each g ∈ G and each h ∈ H , since the remaining χǫ are trivial on H . Thus there
is a collection Fq1 , . . . , Fqk of complex regular qj-fans (necessarily distinct and in general
position), each of whose r = Πkj=1rj sub-collections of regular pj-fans Fp1 ⊂ Fq1 , . . . , Fpk ⊂
Fqk equipartitions each measure. Such partitions are similar in spirt to those of Makeev [16]
and their generalizations [3], in which there exist n orthogonal hyperplanes, any k of which
equipartition a given set of measures.
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Theorem 5.1 (Complex Makeev). Let q1 = pr1, . . . , qk = prk, p an odd prime, let r =
Πkj=1rj , and let D(p, k) ∈ Zp[b1, . . . , bk] be the Dickson polynomial (4.4). If D(p, k)
rm(p−1)/2 /∈
(bd+11 , . . . , b
d+1
k ), then for any m measures on C
d there exists k complex regular p-fans
Fq1 , Fq2 , . . . , Fqk , each of whose r sub-collections of k regular p-fans equipartitions each
measure.
Proof. ForG = Πkj=1Zqj , let ⌈Π⌉r = {ǫ /∈ ⊕
k
j=1pZqj with last non-zero coordinate ǫj ≤ ⌈(qj−
1)/2⌉}. The associated polynomial (3.3) is f = gm, where g = Πǫ∈⌈Π⌉r (ǫ1b1 + . . . + ǫkbk),
so f is a non-zero constant multiple of D(p, k)rm(p−1)/2 when reduced mod p. 
One has the following corollaries for odd primes p as in the non-modulo cases:
Corollary 5.2. For q = pr, any m measures on Cm(q−r)/2 can be equipartitioned by each
of the r regular p-fans of some complex regular q-fan.
Corollary 5.3. Let mr(p−1)/2 =
∑n
i=1 aip
i, where each ai is even. Then any m measures
on Cmr(p
2−1)/4 can be equipartitioned by each of the r = r1r2 regular p-fans contained in
some pair of complex regular fans Fpr1 and Fpr2 .
For example, although ∆C(15;m, 1) ≥ 7m, Corollary 5.1 shows that any m measures on
C5m (respectively, C6m), can be equipartitioned by each of the 5 regular 3-fans (respectively,
3 regular 5-fans) of some complex regular 15-fan. By Corollary 5.2, any two measures on
C
16 can be equipartitioned by each of the four pairs of regular 3-fans of a pair of complex
regular 6-fans.
We give one final Makeev-type result, noteworthy in that q1 6= q2 for the equipartitioning
fans Fq1 and Fq2 . On the other hand, owing to multiplication mod 9, the dimension is large
compared to the conjectured lower bound ∆C(1; 9, 2) ≥ 20:
Proposition 5.4. For any measure on C27, there exists a pair of complex regular 9-fans
F 19 and F
2
9 such that F
1
9 and each regular 3-fan of F
2
9 equipartitions the measure.
Proof. We annihilate each cǫ with ǫ ∈ ⌈Π⌉ and ǫ 6= (0, 3), (3, 3), (6, 3). The expansion
is µ
(
R
(ζ
k1
9
,ζ
k2
9
)
)
= c0 + 2Re(c(0,3)ζ
k2
3 ) + 2Re(c(3,3)ζ
k1+k2
3 ) + 2Re(c(3,6)ζ
k1+2k2
3 ), and the
corresponding polynomial
f(b1, b2) = 6b
10
1 b
9
2(b
2
1 − b
2
2)
3(b21 − 4b
2
2)
3(b21 − 16b
2
2)
3 = 6b101 b
9
2(b
18
1 − b
18
2 ) ∈ Z9[b1, b2]
does not lie in (b281 , b
28
2 ). As the regions determined by F
1
9 and and the regular 3-fans of F
2
9
are exactly S = ∪2j=0R(ζk1
9
,ζ
k2+j
9
)
, 0 ≤ k1, k2 < 9, summing the expansion over 0 ≤ j ≤ 2
gives µ(S) = µ(C27)/27. 
6. Equipartitions by Pairs of Cubical Wedges
For a non-abelian example, we consider the quaternion groupQ8 = {±1,±i,±j,±k}. One
has a corresponding canonical partition of the Quaternions H ∼= R4 by cones Vg = ∪r≥0rCg
on the faces (i.e., cubes) Cg = {w ∈ P | 〈w, g〉R = 1} which form the boundary of the 8-cell
(4-cube) P = {w ∈ H | 〈w, g〉R ≤ 1 ∀ g ∈ Q8} (see, e.g., [7]). As in [24], ensuing partitions of
Hd are by “quaternionic cubical wedges” {W}g∈Q8 centered about quaternionic hyperplanes.
These can be expressed explicitly by Wg = {u ∈ Hd | (∃v ∈ Vg) 〈u, a〉H − b¯ = v} for
each (a, b) ∈ S(Hd+1), where 〈u, a〉H =
∑n
i=1 uia¯i is the standard quaternion-valued inner
product. .
7
The representation theory of Q8 is well-known: 1-dimensional representations given by
the compositions χǫ : Q8 → Q8/{±1} ∼= Z22 → U(1), ǫ ∈ Z2 ⊕ Z2, and the 2-dimensional
representation σ : Q8 →֒ S(H) ∼= SU(2). Thus the Fourier expansion for any wedge decom-
position and a given complex measure µ = µ1 + iµ2 is
(6.1) µ(Wg) =
∑
ǫ∈Z2
2
cǫχǫ(g) + 2 Trace(cσσ(g))
As with finite abelian groups, the cohomology of Q8 (given in Section 7.1.2) precludes
the equipartition of arbitrary µ by annihilating all transforms except c(0,0). Nonetheless,
all transforms but c(0,0) and c(1,0) can be made to vanish if d ≥ 3, in which case µ(Wg) =
1
8µ(H
d)+ c(1,0) for g ∈ Z4 = {±1,±i} and µ(Wg) =
1
8µ(H
d)− c(1,0) for g ∈ jZ4 = {±j,±k}:
Proposition 6.1. Any two measures µ1, µ2 on H
3 can be equipartitioned modulo Z4 by a
quaternionic cubical wedge partition {Wg}g∈Q8 . Thus
(6.2) µℓ(Rr,s) = µℓ(H
3)/4
for each ℓ = 1, 2 and each union of wedges Rr,s =Wir ∪Wisj, 0 ≤ r, s < 4.
For comparison, any two measures on C6 ∼= H3 can also be equipartitioned mod Z4 < Z8,
i.e., by each regular 4-fan composing a complex regular 8-fan (by annihilating each cǫ,
ǫ 6= 0, 4, for a given complex measure).
7. Proofs of Theorem 3.1 and Proposition 6.1
We follow the configuration-space/test-map paradigm [32], the established method for the
topological reduction of problems in combinatorial and discrete geometry. For a n-tuple of
complex measures µ = (µ1, . . . , µn), evaluating the (ρ,G)-average of the given ρ : G→ U(n)
produces a continuous (test-) map Fµ : X → Cn, where the (configuration-) spaceX is a free
G-manifold which includes all the regions of all the non-trivial G-decompositions. Crucially,
this map is G-equivariant, so that the balancing of these measures, represented by a zero of
this map, is guaranteed by a Borsuk-Ulam type result (Proposition 7.1).
Proof. The discussion in Section 3 shows that [S(Cd+1)]k realizes all possible regions of all
possible fan partitions Fq1 , . . . , Fqk of C
d, including those at infinity. To ensure continuity,
however, we remove from each coordinate sphere S(Cd+1) the copy of Zqj lying in 0 × S
1.
Thus X = Πkj=1Xj , Xj = S(C
d+1) − Zqj . As before, G acts freely on X , and each G-orbit
of x = (a1, b1, . . . , ak, bk) ∈ X determines the sets Rg(x) = {u ∈ Cd | (∀ 1 ≤ j ≤ k) (∃vj ∈
Rrj (qj)) 〈u, aj〉C + b¯j = vj}, including all the regions of all non-trivial fan partitions. For
G = Q8 we letX = S(H
d+1)−(0×Y ), where Y = ∪g∈Q8∂C
′
g, C
′
g being the intersection of S
3
with the cone Vg of Section 6. Again, the sets Rg(x) = {u ∈ Hd | (∃v ∈ Vg)〈u, a〉H + b¯ = v}
for x = (a, b) include all the non-trivial cubical wedge decompositions, and G acts freely on
X as before.
For Theorem 3.1, we seek to balance µ = (µ1, . . . , µn) on C
d by ρ : G → U(n), while
for Proposition 6.1 we seek to balance the 6-tuple µ = (µ1, µ1, µ1, 0, 0, µ1) by ρ = χ(1,1) ⊕
χ(0,1) ⊕ 2σ : Q8 → U(6), where µ1 is a single complex measure on H
3. In either case, we
define the map Fµ : X → Cn by
(7.1) Fµ(x) =
1
|G|
∑
g∈G
ρ−1g (µ(Rg(x))
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For finite abelian G, the exclusion of each Zqj guarantees that each Fqj (x) = {u ∈ C
d |
(∃ 0 ≤ r < qj) 〈u, aj〉C + b¯j = ζrqj} is either a complex regular qj-fan (if aj 6= 0) or the
empty set (if aj = 0), and therefore that each ∂Rg(x) := {u ∈ Cd | (∃ 1 ≤ j ≤ k) (∃vj ∈
∂Rrj (qj)) 〈u, aj〉C + b¯j = vj} has measure zero. A dominated convergence argument as in
the proof of the Ham Sandwich Theorem in [18] or in [24] shows that x 7→ µ(Rg(x)) is
continuous. The Q8-case is proven similarly [24].
As Rg1(g2x) = Rg1g2(x) for all x ∈ X and all g1, g2 ∈ G, the map Fµ is G-equivariant, i.e,
Fµ(g ·x) = ρg(Fµ(x)) for all x ∈ X and g ∈ G, so by Proposition 7.1 below there exists some
x ∈ X with Fµ(x) = 0. Noting that it suffices to assume µ 6= 0 (otherwise any non-trivial
partition will do), we show lastly that the G-orbit of such an x determines a non-trivial
partition. For Theorem 3.1, one has x ∈ (0× S1)k otherwise, bj /∈ Zqj , so there exists some
g0 ∈ G for which Rg(x) = ∅ if g 6= g0 and Rg0(x) = C
d. Hence Fµ(x) = ρ−1g0 (µ(C
d)) 6= 0.
Again, the Q8-argument is identical [24]. 
Proposition 7.1. Let X be the spaces in the proofs of Theorem 3.1 and Proposition 6.1
above, and let ρ : G → U(n) be their respective representations, i.e., ρ = ⊕nr=1χ
ǫr :
Πkj=1Zqj → U(n) from (3.3), and ρ = χ(1,1) ⊕ χ(0,1) ⊕ 2σ : Q8 → U(6). Then for any
continuous G-equivariant map h : X → Cn, there exists some x ∈ X such that h(x) = 0.
Proof. We proceed in a standard fashion: quotienting X × Cn by the diagonal G-action
gives a complex vector bundle Cn →֒ E := X×GC
n → X := X/G, and a zero of the section
s : X → E induced from x 7→ (x, h(x)) is equivalent to a zero of h. As a non-vanishing
section implies a zero top Chern class cn(E) ∈ H2n(X ;Z) (see, e.g., [19]), we show that
cn(E) 6= 0.
In each case, E is the pullback of Cn →֒ Eρ := EG ×G C
d → BG under the inclusion
i : X →֒ BG, where EG and BG are the total space and classifying space, respectively, of
the universal bundle G →֒ EG → BG for the group G (see, e.g., [12, 13]). We recall that
BG is unique up to homotopy. By naturality, the total Chern class c(E) is i∗(c(ρ)), where
c(ρ) := c(Eρ) is the “total Chern class of the representation” [1]. In fact, cn(E) 6= 0 if
cn(ρ) 6= 0 in the cases considered, so one is reduced to the calculation of cn(ρ) ∈ H∗(BG;Z)
given below. 
7.1. Chern Class Calculations. The explicit calculation of c(ρ) for general ρ : G →
U(n) can be very complicated (see, e.g., [8]), though here the computations are essentially
classical, which we sketch nonetheless for the sake of completeness. Recall that for any
paracompact space B, evaluating the first Chern class gives an isomorphism
(7.2) c1 : V ect
1
C(B)
∼=→ H2(B;Z),
where the space V ect1
C
(B) of all complex line bundles over B is a group under tensor
products. Thus the isomorphism (7.2) can be written as c1(E1 ⊗ E2) = c1(E1) + c1(E2)
(see, e.g., [13]).
7.1.1. G = Πkj=1Zqj . Recall that BZq can be identified with the infinite-dimensional Lens
space L∞(q) = S(C∞)/Zq, the union of the finite dimensional dimensional Lens spaces
L2d−1(q) = S(Cd)/Zq given by the standard Zq-action, and hence that BG = BZq1 × . . .×
BZqk can be seen as their product.
For our space X = Πkj=1Xj, each Xj = L
2d+1(qj)− pt deformation retracts onto the 2d-
skeleton of BZqj . It will suffice to consider only the (far simpler, see, e.g., [6]) tensor-subrings
of H∗(BG) and H∗(X), i.e., the images of ⊗nj=1H
∗(Zqj ) → H
∗(BG) and ⊗nj=1H
∗(Xj) →
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H∗(X) induced by projections (these are injections by the general Ku¨nneth formula [12]).
SinceH∗(BZq) = Z[b]/(qb), b = c1(χ1), H
∗
tensor(BG) = Z[b1, . . . , bk]/(q1b1, . . . , qkbk), where
bj = c1(χej ) and ej is the j-th basis vector of ⊕
n
j=1Zqj . By cellular cohomology, each
restriction i∗j : H
∗(BZqj ) → H
∗(Xj) is an isomorphism in dimensions d
′ ≤ 2d and is the
zero-map otherwise, so that (bd+11 , . . . , b
d+1
k ) is the kernel of i
∗ : H∗tensor(BG)→ H
∗
tensor(X).
On the other hand, c(ρ) = c(⊕nr=1χǫr) = Π
n
r=1(1 + c1(χǫr )) by the Whitney sum formula
[19]. As χǫr = ⊗
k
j=1 ⊗
ǫr,j χej , c1(χǫr ) = ǫr,1b1 + . . .+ ǫr,kbk by (7.2), and therefore cn(ρ) =
Πnr=1(ǫr,1b1 + . . .+ ǫr,kbk) = f(b1, . . . , bk) is precisely the polynomial (3.3), which is not in
(bd+11 , . . . , b
d+1
k ) by assumption.
7.1.2. G = Q8. H
∗(BQ8;Z) = Z[α, β, γ]/I, where I = (2α, 2β, 8γ, α2, β2, αβ − 4γ) and
|α| = |β| = 2, |γ| = 4 (see, e.g., [1]). One can identify α with c1(χ(1,0)) and β with
c1(χ(0,1)), while that c2(σ) is a generator of H
4(BQ8;Z) ∼= Z8 follows by showing it to be
non-zero mod 2, or in other words that the top Stiefel-Whitney class w4(σ) ∈ H
4(BQ8;Z2)
of the underlying real bundle of E(σ) is non-zero. This was done in [21, formula 5.2]. As
χ(1,1) = χ(1,0) ⊗ χ(0,1), it follows that c6(ρ) = (α + β)βγ
2 = 4γ3 6= 0. On the other hand,
X0 := S
3 − Y equivariantly deformation retracts onto Q8 = {±1,±i,±j,±k} ⊂ S3, so
X = [S(H3) ∗ X0]/Q8 is homotopy equivalent to [S(H3)/Q8] ∗ pt, the 12-skeleton of BQ8,
and again i∗ : H∗(BQ8)→ H∗(X) is an isomorphism in dimensions d′ ≤ 12.
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